written in reduced form is divisible by p 2 and that the numerator of the fraction 1 + 1 2 2 + 1 3 2 + · · · + 1 (p − 1) 2 written in reduced form is divisible by p.
The first of the above congruences, the so-called Wolstenholme's theorem, is a fundamental congruence in Combinatorial Number Theory. In this article, consisting of 11 sections, we provide a historical survey of Wolstenholme's type congruences, related problems and conjectures. Namely, we present and compare several generalizations and extensions of Wolstenholme's theorem obtained in the last hundred and fifty years. In particular, we present about 80 variations and generalizations of this theorem including congruences for Wolstenholme primes. These congruences are discussed here by 33 remarks.
INTRODUCTION
Congruences modulo primes have been widely investigated since the time of Fermat. Let p be a prime. Then by Fermat little theorem, for each integer a not divisible by p a p−1 ≡ 1 (mod p).
Furthermore, by Wilson theorem, for any prime p
(p − 1)! + 1 ≡ 0 (mod p).
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From Wilson theorem it follows immediately that (n − 1)! + 1 is divisible by n if and only if n is a prime number.
"In attempting to discover some analogous expression which should be divisible by n 2 , whenever n is a prime, but not divisible if n is a composite number", in 1819 Charles Babbage [5] is led to the congruence 2p
for primes p ≥ 3. In 1862 J. Wolstenholme proved that the above congruence holds modulo p 3 for any prime p ≥ 5. As noticed in [36] , many great mathematicians of the nineteenth century considered problems involving binomial coefficients modulo a prime power (for instance Babbage, Cauchy, Cayley, Gauss, Hensel, Hermite, Kummer, Legendre, Lucas, and Stickelberger). They discovered a variety of elegant and surprising theorems which are often easy to prove. For more information on these classical results, their extensions, and new results about this subject, see Dickson [23] , Granville [36] and Guy [39] .
Suppose that a prime p and pair of integers n ≥ m ≥ 0 are given. A beautiful theorem of E. Kummer from year 1852 (see [51] and [23, p. 270] ) states that if p r is the highest power of p dividing n m , then r is equal to the number of carries when adding m and n − m in base p arithmetic. If n = n 0 + n 1 p + · · · + n s p s and m = m 0 + m 1 p + · · · + m s p s are the p-adic expansions of n and m (so that 0 ≤ m i , n i ≤ p − 1 for each i), then by Lucas's theorem from year 1878 ( [54] ; also see [23, p. 271] and [36] Notice that the congruence (1) with n = 2 and m = 1 becomes 2p p ≡ 2 (mod p),
whence by the identity
it follows that for any prime p
As noticed above, in 1819 Babbage ([5] ; also see [36, Introduction] or [23, page 271]) showed that the congruence (2) holds modulo p 2 , that is, for a prime p ≥ 3 holds
The congruence (3) is generalized in 1862 by Joseph Wolstenholme [99] as presented in the next section. Namely, Wolstenholme's theorem asserts that
for all primes p ≥ 5. Wolstenholme's theorem plays a fundamental role in Combinatorial Number Theory. In this article, we provide a historical survey of Wolstenholme's type congruences, related problems and conjectures concerning to the Wolstenholme primes. This article consists of 11 sections in which we present numerous generalizations and extensions of Wolstenholme's theorem established in the last hundred and fifty years. The article is organized as follows. In Section 2, we present extensions of Wolstenholme's theorem up to modulus p 9 . In the next section, many of these congruences are expressed in terms of Bernoulli numbers. Section 4 is devoted to the Wolstenholme's type harmonic series congruences. Certain Wolstenholme's type supercongruences are given in the next section. In Section 6, we present Ljunggren's congruence and Jacobsthal-Kazandzidis congruence and their variations modulo higher prime powers. In the next section, we give several characterizations of Wolstenholmes primes and related conjectures. Wolstenholme's type theorems for composite moduli are established in Section 8. The converse of Wolstenholme's theorem is discussed in Section 9. In the next section, we present some recent congruences for binomial sums closely related to Wolstenholme's theorem. Finally, some q-analogues of Wolstenholme's type congruences are given in the last section of this survey article.
The Bibliography of this article contains 107 references consisting of 12 textbooks and monographs, 90 papers, 3 problems, Sloane's On-Line Encyclopedia of Integer Sequences and one Private correspondence. In this article, some results of these references are cited as generalizations of certain Wolstenholme's type congruences, but without the expositions of related congruences. The total number of citations given here is 197. 
WOLSTENHOLME'S THEOREM AND ITS EXTENSIONS
for any prime p ≥ 5 (see e.g., [40, p. 89] , [4, p. 116] and [7] ). As usual in the literature, in this note the congruence (4) is also called Wolstenholme's theorem. Notice also that from the identity 2n n = 2 2n−1 n−1 , n = 1, 2, . . . , we see that (4) also may be written as
The congruence (4) 
On the other hand, as an immediate consequence of a result by J. Zhao in 2007 [103, Theorem 3 with n = 2 and r = 1], for any prime p ≥ 7
In 2010 R. Tauraso [94, Theorem 2.4] proved that for any prime p ≥ 7
which also can be written as [55, Corollary 1.4]
Remark 2. Clearly, both congruences (8) and (9) can be considered as generalizations of (4) (9) ; he proved that for any prime p ≥ 11 (10) 2p
which by using the shuffle relation also can be written in terms of two power sums as (11) 2p
Remark 3. Note that the congruences (10) and (11) reduces to the identity, while for p = 7 (10) and (11) are satisfied modulo 7 6 . Quite recently, R. Tauraso [95] informed the author that using a very similar method to the method applying in [55] to prove the above congruence (10) , this congruence can be improved to the following result: for any prime
Here we noticed that, using the method applied in [55, Lemmas 2.2-2.4], the term (12) can be eliminated to obtain that for any prime p ≥ 7
Remark 4. A computation via Mathematica verifies that both congruences (12) and (13) hold.
WOLSTENHOLME'S TYPE CONGRUENCES IN TERMS OF BERNOULLI NUMBERS
The Bernoulli numbers B k (k ∈ N) are defined by the generating function
It is easy to find the values B 0 = 1,
, and B n = 0 for odd n ≥ 3. Furthermore, (−1) n−1 B 2n > 0 for all n ≥ 1. These and many other properties can be found, for instance, in [46] or [35] .
The Glaisher's congruence (5) involving Bernoulli number B p−3 may be written as (14) 2p
for all primes p ≥ 7. 
Also, the congruence (6) (cf. the congruence (17) below) in terms of Bernoulli numbers may be written as
for each prime p ≥ 7.
In 2008 C. Helou and G. Terjanian [42] established many Wolstenholme's type congruences modulo p k with a prime p and k ∈ N such that k ≤ 6. As an application, by [42, Corollary 2(2), p. 493 (also see Corollary 6(2), p. 495)]), for any prime p ≥ 5 we have (17) 2p 
for all primes p ≥ 11. Remark 5. Note that reducing the moduli and using the Kummer congruences presented in [42] , from (18) may be easily deduced the congruence (17).
WOLSTENHOLME'S TYPE HARMONIC SERIES CONGRUENCES
Here, as usually in the sequel, we consider the congruence relation modulo a prime power p e extended to the ring of rational numbers with denominators not divisible by p. For such fractions we put m/n ≡ r/s (mod p e ) if and only if ms ≡ nr (mod p e ), and the residue class of m/n is the residue class of mn ′ where n ′ is the inverse of n modulo p e . As noticed in Section 2, in 1862 J. Wolstenholme [99] proved that for any prime p ≥ 5
This is in fact an equivalent reformulation of Wolstenholme's theorem given by the congruence (4). Wolstenholme [99] also proved that for any prime p ≥ 5 
is divisible by p and also noticed that the congruence (19) Generalizations of (19) and (20) 
Remark 7. For j = 1, 2, 3 the numerators of harmonic numbers Remark 8. For a given prime p, in [26] and [10] the authors considered and investigated the set J(p) of n for which p divides the numerator of the harmonic sum H n := p−1 k=1 1/k. It is conjectured in [26, Conjecture A on page 250] that the set J(p) is finite for all primes p. This conjecture is recently generalized by J. Zhao [105] .
In 1900 J.W.L. Glaisher ([33, pp. 333-337] ; also see [34, (v) and (vi) on page 271]) proved the following generalizations of the congruences (20) and (21) 
and that for each prime p ≥ 7
Remark 10. The congruence (22) was also proved in 1938 by E. Lehmer [52] . This congruence was generalized in 2007 by X. Zhou 
Remark 11. The congruence (26) was also proved in 1989 by S. Zhang [102] .
Using p-adic L-functions, that is the Washington's p-adic expansion of the sum np k=1 (k,p)=1 1/k r [98] , in 2000 S. Hong [44, Theorem 1.1] proved the following generalization of a Glaisher's congruence (22) . Let p be an odd prime and let n ≥ 1 and r ≥ 1 be integers. Then
In 2002 Slavutskii [78] showed how a more general sums (i.e., the sum (27) with a power p t , t ∈ N, instead of p) may be studied by elementary methods without the help of p-adic L-functions. Namely, by [78, Theorem 1.2] if p is an odd prime, n ≥ 1, r ≥ 1 and l ≥ 1 are integers, then
(28)
Remark 12. It is obvious that taking l = 1 into (28), we immediately obtain (27) . In [59] R. Meštrović proved the congruence (27) by using very simple and elementary number theory method.
WOLSTENHOLME'S TYPE SUPERCONGRUENCES
A. Granwille [36] established broader generalizations of Wolstenholme's theorem. As an application, it is obtained in [36] that for a prime p ≥ 5 there holds (29) 2p 
Further, the congruence (37) given in the next section (also cf. the congruences [62, 7.1.10 and 7.1.11]) immediately implies that for a prime p ≥ 5
and
If p is a prime, k, n and m are positive integers such that n ≥ m, 
Remark 13. Note that the congruence (34) with r = 0 reduces to the congruence (26).
LJUNGGREN'S AND JACOBSTHAL'S BINOMIAL CONGRUENCES
which by the identity 
Remark 14. Note that the congruence (36) with m = 1 and n = 2 reduces to the Wolstenholme's congruence (4) . Furthermore, the combinatorial proof of (36) Remark 16. Because the original source [12] is not easily accessible, the congruence (37) was rediscovered by various authors, including G.S. Kazandzidis ([48] and [49] ) in 1968 (its proof is based on p-adic method) and Yu.A. Trakhtman [96] , taking n = 2 and m = 1 into (42), it becomes
which is actually (7). 
As an application of (43), it can be obtained [42, the congruence of Remark 4 on page 489] that for each prime p ≥ 5
Remark 19. Taking m = 1 into (44), it immediately reduces to the Glaisher's congruence (15) which for n = 2 becomes (14) . 
, where p is a prime, k ∈ {4, 5, 6}, m, n, ∈ N with m ≤ n, and P is a polynomial of m, n and p involving Bernoulli numbers as its coefficients.
Remark 21. In 2011 R. Meštrović [57] discussed the following type congruences:
where p is a prime, n, m, k and r are various positive integers.
WOLSTENHOLME PRIMES
A prime p is said to be a Wolstenholme prime (see [60, p. 385] or [56] ; this is the Sloane's sequence A088164 from [79] ) if it satisfies the congruence
Clearly, this is equivalent to the fact that the Wolstenholme quotient W p defined as
is divisible by p (W p is the Sloane's sequence A034602 from [79] ; also cf. a related sequence A177783 (14) it follows that (45)
From the congruence (45) we see that p is a Wolstenholme prime if and only if p divides the numerator of the Bernoulli number B p−3
. This is by (5) also equivalent with the fact (e.g., see [27] or [104, Theorem 2.8] ) that the numerator of the fraction p−1 k=1 1/k written in reduced form is divisible by p 3 , and also by (6) with the fact that the numerator of the fraction
written in reduced form is divisible by p 2 . In other words, a Wolstenholme prime is a prime p such that (p, p − 3) is an irregular pair (see [47] and [13] ). The Wolstenholme primes therefore form a subset of the irregular primes (see e.g., [60, p. 387] 
Remark 22. The congruence (46) is very useful in the computer search of Wolstenholme primes (see [61] McIntosh and E.L. Roettger [61] reported that these primes are only two Wolstenholme primes less than 10 9 . However, using the argument based on the prime number theorem, in 1995 McIntosh [60, p. 387] conjectured that there are infinitely many Wolstenholme primes. It seems that the proof of this assertion would be very difficult.
In 2007 J. Zhao [103] defined a Wolstenholme prime via harmonic numbers; namely, a prime p is a Wolstenholme prime if
In 2011 R. Meštrović [56, Proposition 1] proved that if p is a Wolstenholme prime, then
The above congruence can be simplified as follows [56, Proposition 2]:
Reducing the modulus in the previous congruence, we can obtain the following simpler congruences for Wolstenholme prime p [56, Corollary 1]:
In terms of the Bernoulli numbers the congruence (49) may be written as [56, Corollary 2]
The congruence (50) can be given by the following expression involving lower order Bernoulli numbers [56, Corollary 2]:
Remark 23. Combining the first congruence of (49) and a recent result of the author in [55, Theorem 1.1] given by the congruence (11), we obtain a new characterization of Wolstenholme primes as follows [55, Remark 1.6] .
A prime p is a Wolstenholme prime if and only if
2p − 1 p − 1 ≡ 1 − 2p p−1 k=1 1 k − 2p 2 p−1 k=1 1 k 2 (mod p 7 ).
Remark 24 ([55, Remark 1])
. A computation via Mathematica shows that no prime p < 10 5 satisfies the second congruence from (49), except the Wolstenholme prime 16843. Accordingly, an interesting question is as follows: Is it true that the second congruence from (49) yields that a prime p is necessarily a Wolstenholme prime? We conjecture that this is true.
WOLSTENHOLME'S TYPE THEOREMS FOR COMPOSITE MODULI
For positive integers k and n let (k, n) denotes the greatest common divisor of k and n. In 1889 C. Leudesdorf [53] (also see [40, Ch. VIII] or [73, Chapter 3, the congruence (15) on page 244]) was proved that for any positive integer n such that (n, 6) = 1
where the summation ranges over all k with (k, n) = 1. Remark 25. Observe that when n = p ≥ 5 is a prime, then the congruence (52) reduces to the Wolstenholme's congruence (19) .
Remark 26. In 1934 S. Chowla [20] gave a very short and elegant proof of the congruence (52) . This was in another way also proved by H. Gupta [38, the congruence (1)]. Furthermore, in 1933 Chowla [19] proved Leudesdorf's theorem when n is a power of a prime p ≥ 5.
The binomial coefficient's analogue of (52) was established in 1995 by R.J. McIntosh. Namely, in [60, Section 2] for positive inegers n, the author defined the modified binomial coefficients
2n − k k and observed that for primes p,
where
if n is a power of 2, (−1) r+1 n/3 if n ≡ 0 (mod 3) and n has exactly r distinct prime f actors, each ≡ 1 (mod 6), 0 otherwise.
Remark 27. McIntosh [60, page 384] also noticed that in 1941 H.W. Brinkman [74] in his partial solution to David Segal's conjecture observed the following relation between the ordinary binomial coefficient and the modified binomial coefficient:
which for example, for n = p 2 with a prime p becomes
Remark 28. Some extensions of (52) [41] and [68] .
Further generalizations of Leudesdorf's congruence (52) were obtained by L. Carlitz [15] 
On the other hand, by [76, Corollary 1(b)], if s is an odd positive integer and n a positive integer such that 1) p − 1 don't divide s + 1 for every prime p with p | n; or 2) p | s for all primes p such that (p − 1) | (s + 1) and p | n, then
Both congruences (54) and (55) 
Notice that by the congruence (56) (cf. (6) and (7) in [76] ), it follows that for n = p l with l ∈ N and a prime p ≥ 5
As an application of the congruence (57) 
Remark 29. Notice that the second part and the fourth part of the congruence (58) under the condition s ≤ p − 3 were also proved in 1997 by M. Bayat [8, Theorem 4] . Moreover, the second part and the fourth part of the congruence (58) with n = ap l (a, l ∈ N) instead of p l , s = 1 and s = 2 were also proved in 1998 by D. Berend and J.E. Harmse [9, Proposition 2.2].
Wolstenholme type congruence for product of distinct primes was established in 2007 by S. Hong [45] : if m and n are integers with m ≥ 0, n ≥ 1, < n >:= {1, . . . , n}, p 1 , . . . , p n are disctinct primes and all greater than 3, then (59)
9. ON THE CONVERSE OF WOLSTENHOLME'S THEOREM If n ≥ 5 is a prime, then by Wolstenholme's theorem 
Following [69, Chapter 2, p. 23], the mentioned problem leads naturally to the following concepts and questions. Let n ≥ 5 be odd, and let
For each k ≥ 1 we may consider the set 9 ; the only composite number n ∈ W 2 with n < 10 9 , is n = 283686649 = 16843 2 . Furthermore, using the argument based on the prime number theorem, McIntosh ([60, p. 387]) conjectured that the set W 5 is empty; this means that no prime satisfies the congruence 2p
Recall also that in 2010 K.A. Broughan, F. Luca and I.E. Shparlinski [11] investigated the subset W For example, in 1982 I. Gessel [29] proved that for any prime p ≥ 5 Note. I found References [18] , [84] , [85] , [93] , [100] , [101] and [106] on the Internet, but they are not cited in this article because of they are not accessible to the author. 
